Blue straggler stars (BSS) are abundantly observed in all Galactic globular clusters (GGC) where data exist. However, observations alone cannot reveal the relative importance of various formation channels or the typical formation times for this well studied population of anomalous stars. Using a state-of-the-art Hénon-type Monte Carlo code that includes all relevant physical processes, we create 128 models with properties typical of the observed GGCs. These models include realistic numbers of single and binary stars, use observationally motivated initial conditions, and span large ranges in central density, concentration, binary fraction, and mass. Their properties can be directly compared with those of observed GGCs. We can easily identify the BSSs in our models and determine their formation channels and birth times. We find that for central densities above ∼ 10 3 M ⊙ pc −3 the dominant formation channel is stellar collisions while for lower density clusters, mass transfer in binaries provides a significant contribution (up to 60% in our models). The majority of these collisions are binary-mediated, occurring during 3-body and 4-body interactions. As a result a strong correlation between the specific frequency of BSSs and the binary fraction in a cluster can be seen in our models. We find that the number of BSSs in the core shows only a weak correlation with the collision rate estimator Γ traditionally used by observers, in agreement with the latest Hubble Space Telescope (ACS) data. Using an idealized "full mixing" prescription for collision products, our models indicate that the BSSs observed today may have formed several Gyrs ago. However, denser clusters tend to have younger (∼ 1 Gyr) BSSs.
INTRODUCTION
Blue straggler stars (BSSs) are H-burning stars bluer and brighter (and therefore more massive) than the mainsequence turnoff (of a star cluster; Sandage 1953) . It is impossible for normal single star evolution to create them. Instead, BSSs must be created when a mainsequence (MS) star's mass is increased either via mass transfer in a binary (MTB) or by physical collision and merger with another star. Both processes can also increase the residual H-burning life of the star (rejuvenation) by bringing in new Hydrogen for burning in the core (eg., Lombardi et al. 1995 Lombardi et al. , 1996 Sills et al. 1997 Sills et al. , 2001 Lombardi et al. 2002; Chen & Han 2009) 1 . Since the BSSs are among the brighter members of a cluster, they are relatively easier to detect in photometric observations. All Galactic globular clusters (GGCs), where appropriate data exist, have shown this exotic stellar population (e.g., Piotto et al. 2002; Ferraro et al. 1995) . Many open clusters also show moderately large populations (∼ 10s) of BSSs (e.g., Mathieu & Geller 2009) ; they are also found in some dwarf galaxies (e.g., Mapelli et al. 2007 ) and even in the field (e.g., Preston & Sneden 2000) .
Stellar collisions can happen in many ways in a star cluster. Two single stars can collide directly (s-s collision). If binaries are present, then binaries will interact with other single stars (b-s) or binaries (b-b) . During b-s and b-b encounters, physical collisions can occur between two or more MS stars taking part in the interactions (Fregeau et al. 2004) .
During MTB the details of the orbital evolution and mass transfer rate determine the final outcomes. Mass transfer can be stable, such that a fraction of the companion mass is transferred to the MS star and the binary remains intact; or it can be unstable, leading to a more rapid dynamical evolution and the eventual merger of the two stars (Chen & Han 2009 ). Stellar mergers may also happen through interactions involving higher-order hierarchical systems. For example, a hierarchical triple, for certain configurations can increase the eccentricity of the inner orbit via the Kozai effect (Kozai 1962) . If the eccentricity becomes sufficiently high, the two inner stars could then be driven to merge (Perets & Fabrycky 2009) . Although this may be a significant channel for BSS formation in less dense open clusters (Perets & Fabrycky 2009) , it is not clear whether these triples can survive long enough in denser GGCs to be effective.
The interactions that produce BSSs depend on the cluster global properties, including the central density (ρ c ), binary fraction (f b ), distribution of initial binary orbital properties, and mass-segregation timescale. Thus the BSSs in a cluster can, in principle, provide a window onto the system's dynamical history. In this respect the formation channel(s) of the BSSs and their typical formation times are of great interest. Unfortunately, although observations in various wavelength bands have taught us a lot about the stellar properties of the BSSs, it is hard to determine how a particular BSS formed or how long ago the interaction occurred. Theoretical modeling is the only way to approach these questions.
A popular approach so far to learn about BSS formation has been to carefully study the correlation between the number of BSSs (normalized in some way by another characteristic stellar population in the same region of the cluster) and some dynamically important cluster property, such as the collision rate estimator Γ (Pooley & Hut 2006) , f b (Sollima et al. 2008) , or the total cluster mass (most recently Leigh et al. 2013) . While these observed correlations can in principle teach us a lot about the possible formation channels of BSSs, direct understanding of these processes is impossible to achieve without careful modeling. For example, a BSS created via MTB could actually be the result of some past dynamical encounter that changed the binary orbit in such a way that mass transfer occurred. On the other hand, a collision may be mediated by resonant dynamical interactions involving binaries, blurring the distinction between the simple "collisional" and "binary" origins often discussed in observational studies (e.g., Knigge et al. 2009; Leigh et al. 2011a) . In addition to these complications, it is also hard to determine observationally what the binary fraction in the cluster is at present, and it is impossible to know what it was in the past. Even in the complete absence of binaries, the calculation of the Γ parameter involves many properties of the cluster that are hard to measure accurately.
The only way to explore and probe these complicated interactions in an evolving cluster is by numerical modeling of the full N -body system with stellar evolution, using a realistically large N , the full stellar mass function, and treating binary stars in detail. One must then also include all relevant physical processes, such as twobody relaxation, strong encounters including physical collisions, b-b and b-s interactions, MTB, tidal stripping in the Galactic potential, etc. In these models, if all interactions are recorded, in addition to the overall cluster properties and individual stellar properties at frequent enough output times, then all necessary information can be obtained about BSS formation and evolution. In particular, after BSSs have been identified in any snapshot of the system, the detailed past history of each BSS going all the way back to t = 0 can be extracted from the numerical data.
For many years, this kind of realistic modeling of GGCs (particularly using high enough N and f b ) remained very challenging because of the extreme computational cost of direct N -body simulations. Hence, much more simplified models were used to study the BSS formation channels and other properties such as their radial distribution in the cluster (Mapelli et al. 2006) . Recently, modern Hénon-type Monte Carlo codes (Hénon 1971) , modified to include the relevant physical processes (in particular, strong interactions and single and binary stellar evolution), have opened new possibilities (e.g., Chatterjee et al. 2010; Giersz & Heggie 2011; Chatterjee et al. 2013; Giersz et al. 2013) .
The current version of our Cluster Monte Carlo code (CMC) is well suited to the modeling of GGCs including all relevant physical processes, with large N ∼ 10 5 − 10 6 and realistic f b values. CMC has been developed and rigorously tested for over a decade (Joshi et al. 2000 (Joshi et al. , 2001 Fregeau et al. 2003; Fregeau & Rasio 2007; Chatterjee et al. 2010; Umbreit et al. 2012; Pattabiraman et al. 2013; Chatterjee et al. 2013) . Using this code it is now possible to produce large numbers of highly detailed cluster models covering the full range of observationally motivated initial parameters. For example, recent studies with CMC have explored a large range in parameter space and successfully created a library of cluster models that have properties very similar to the observed GGCs (Chatterjee et al. 2010 ).
Here we report results from our analysis of 128 cluster models produced with CMC with finely sampled output focusing on BSS formation and evolution. These models include all relevant physical processes, and include realistic N , and f b , and hence can be directly compared with observed GGCs without any need for rescaling. In addition to all dynamical properties, single and binary stellar evolution is also followed in detail in these models. Thus our simulations provide an unprecedented opportunity to understand the dominant dynamical and stellar evolution processes responsible for BSS production in clusters, spanning a large range in cluster parameters, and allow us to test for various correlations between BSSs and cluster properties.
Previous works have pointed out that some dynamical properties such as core radius (r c ) or ρ c for a cluster can have very different values according to different definitions used by theorists and observers (most recently Chatterjee et al. 2013) . Hence, to avoid confusion, we restrict our analysis in this paper to the standard theoretical definitions used in most N -body simulations (Casertano & Hut 1985) , unless otherwise specified. A different and independent analysis of the same models is presented in Sills et al. (2013) , where all relevant quantities are determined using the standard observational definitions. In this paper we focus on two basic questions: (1) What is the dominant physical process that creates the BSSs observed in GGCs? (2) With our adopted rejuvenation prescription (Hurley et al. 2000 (Hurley et al. , 2002 , what is the typical age (t age ) of the observed BSSs?
The paper is organized as follows. In Section 2 we describe briefly our simulation setup, explain how the BSSs are identified in the models, and provide definitions for various categories of BSSs based on their formation histories. We also show comparisons between modeled and observed BSSs in terms of observable properties. We discuss the relative importance of the various formation channels in Section 3. The time elapsed since formation for the BSSs in our models is explored in Section 4. In Section 5 we investigate correlations of the number of BSSs in the cluster (N BSS ) with f b and Γ. We summarize and conclude in Section 6.
NUMERICAL METHOD
We use CMC and adopt a large grid of initial conditions over the range of values typical of the observed young massive clusters (e.g., Scheepmaker et al. 2007 Scheepmaker et al. , 2009 ) to create 128 detailed star-by-star models. All our simulated clusters have initial virial radii between r v = 3 and 4 pc. Initial N is varied between 4 and 10×10 5 stars. The positions and velocities of the stars (and center of mass for the binaries) are assigned according to King profiles with W 0 between 4 and 8. We vary the initial f b between 0.05 and 0.3. The masses of the single stars, or primaries in case of a binary, are chosen from the IMF presented in Kroupa (2001, their Equations 1 and 2) in the stellar mass range 0.1 − 100 M ⊙ . Secondary binary companion masses are sampled from a uniform distribution of mass ratios in the range 0.1 M ⊙ − m p , where m p is the mass of the primary. The semi-major axes, a, for stellar binaries are chosen from a distribution flat in log a within physical limits, namely between 5× the physical contact of the components and the local hard-soft boundary (Heggie & Hut 2003) . Although initially all binaries in our models are hard at their respective positions, some of these hard binaries can become soft during the evolution of the cluster. The cluster contracts under two-body relaxation and the velocity dispersion increases making initially hard binaries soft. Moreover, binaries sink to the core due to mass segregation where the velocity dispersion is higher than that at the initial binary positions. We include these soft binaries in our simulations until they are naturally disrupted via strong encounters in the cluster.
The numerical setup and initial properties for these simulations are similar to the work presented in Chatterjee et al. (2013) which shows that similar initial conditions result in models at the end of the simulation (at cluster age t cl ≈ 12 Gyr) with properties including r c , half-mass radius (r h ), ρ c , total mass (M ), and relaxation timescale at half-mass (t rh ) very similar to those observed in the GGCs. The differences in the initial conditions between these simulations and those presented in Chatterjee et al. (2013) are as follows. Models with zero initial f b are discarded in this study since observations suggest that this is not the case for the GGCs in reality (Davis et al. 2008; Milone et al. 2012) 2 . In addition, the models presented in this study explore a larger range in initial f b , and W 0 .
While in most cases we present theoretical estimates of central quantities such as r c and ρ c (Casertano & Hut 1985) , whenever we directly compare model quantities with observed GGC quantities, we use the corresponding 2 In fact, comparison between the observed BSS numbers in the GGCs and the numbers obtained via mock observations of these models indicates that even initial f b = 0.05 may be too low ).
"mock observed" values (r c,obs , and ρ c,obs ) to remain consistent. Most recently Chatterjee et al. (2013) discussed in detail various definitions for the cluster parameters and the relationships between theoretical and observed estimates of these quantities. Here, we estimate r c,obs as the radius where the surface luminosity density drops by a factor of 2 from the central density (e.g., Spitzer 1987) . The values for ρ c,obs are estimated from the peak central surface luminosity density and r c,obs using the prescription given in Djorgovski (1993, their Equation 4 ) following Harris (1996 Harris ( , 2010 . We assume M/L = 2 to convert luminosity to mass when required to determine the mock observed values.
Our grid of simulations in this study covers star clusters at t cl ≈ 12 Gyr with r c between 0.6 and 2.8 pc. This range in r c corresponds to r c,obs in the range between ≈ 0.06 and 5.07 pc. Similarly, this grid spans clusters with ρ c between ≈ 7 × 10 2 and 10 5 M ⊙ pc −3 which corresponds to ρ c,obs between ≈ 3 × 10 2 and 4 × 10 6 M ⊙ pc −3 . Final M are between 1 × 10 5 and 4 × 10 5 M ⊙ , and corresponding M obs values are similar. Among the 128 models, 19 have reached the binary-burning stage (thought to be equivalent to the post core-collapsed GGCs) before t cl = 12 Gyr, while the rest are still contracting (i.e., they are non-core-collapsed GGCs, Chatterjee et al. 2013) . Relevant model properties are listed in Table  1 . For more detailed comparison between model and GGC properties see Chatterjee et al. (2013) . For mock observed BSS values for these models and further comparisons with GGC properties see Sills et al. (2013) .
Definition of blue straggler stars in our models
We define BSSs as stars that are still in the H-burning stage but with masses > 1.1 M TO , where, M TO is the MS turn-off mass of the cluster. Note that in real clusters BSSs are chosen from a color-magnitude diagram by a defining box for the BSSs that depend on, for example, the quality of the data, the filters used for the observation, and the scatter width of the MS (e.g., Leigh et al. 2007; Sills et al. 2013 ). The mass-based criterion is more theoretically motivated and is much simpler to use for all models (although, inaccessible to observers). We find that in our models the BSSs identified using the massbased criterion populate the expected region of synthetic Hertzsprung-Russell diagram (HRD) created using our models ( Figure 1 for an example). Observationally motivated selection boxes are adopted to extract BSSs from these same models in Sills et al. (2013) and we find that the numbers obtained from either criteria are tightly correlated. Furthermore, the selected BSSs using either criteria do not show any systematic differences in their formation channels, formation ages, or radial positions. Since in this study we restrict ourselves to the theoretical understanding of the BSSs, in particular to understand the dominant formation channels and typical ages since formation, we simply adopt the much simpler theoretically motivated mass-based definition for BSSs for this study.
2.2. Classification of blue-straggler stars based on their formation channels At the last snapshot of the model (t cl ∼ 12 Gyr) we identify the BSSs following the criterion described in Section 2.1. The full dynamical history for each of these Table 1 ). Dots denote all stars in the cluster. Red squares and blue triangles denote blue-straggler stars in single and binary systems, respectively at the integration stopping time of t cl = 12 Gyr. Blue straggler stars are defined as H-burning stars with stellar masses ≥ 1.1 M TO , where M TO is the main-sequence turn-off mass. BSSs in this model populate the expected region in the synthetic HRD. In addition, the single and binary main-sequences, giant branch, white-dwarf cooling sequence are clearly visible.
BSSs is retrieved. We identify the interaction (such as s-s, b-s, or b-b collisions, or MTB) that had increased the mass of this star for the first time such that it would be identified as a BSS at t cl . We classify each BSS into one of 5 channels according to this first interaction. The 5 channels are: stable mass transfer in a binary denoted as MTB, binary-stellar-evolution-driven merger denoted as SE, single-single collisions denoted as s-s, collisions mediated by binary-single interactions denoted as b-s, and collisions mediated by binary-binary interactions denoted as b-b. Note that some BSSs may have a complicated history. For example, after a mass transfer episode in a binary, a MS star may have attained a BSS mass; later on this star could still collide with another MS star, further growing in mass and getting rejuvenated for a second time. For BSSs that are formed via such multiple channels, only the first one is considered for the classification to avoid ambiguity. In this particular example the formation channel for this BSS would be classified as MTB. Nevertheless, such complicated multiple episodes of rejuvenation of the same MS star is not frequent. There is another source of complication. A BSS classified as MTB may have had interacted dynamically prior to the Rochelobe overflow that had not changed its mass. Such an interaction would change the orbital properties of the binary, sending it along a very different evolutionary pathway that led to the mass transfer event that ultimately created the BSS. These perturbed MTB or SE channels are duly noted and discussed. However, interactions of this type do not change the formation classification.
Comparison of Model Blue Stragglers with
Observed Blue Straggler Properties Here we briefly investigate whether the modeled BSS properties are consistent with some of the well studied observed BSS properties in the GGCs. Note that these are motivated to add further validation of the model BSSs. More detailed analysis of these properties are potentially interesting but beyond the scope of this study and we differ that to Sills et al. (2013) and future work.
Radial Distribution
One of the observationally accessible properties of the BSSs in the GGCs is their radial distribution. The radial distribution of the BSSs in a cluster depends on a collection of the host cluster's properties including ρ c , relaxation time, and f b . Thus analysis of the radial distribution of the BSSs has been proposed as a tool to observationally constrain the dominant formation channel, and various dynamical properties of the host GGCs. As a result, the radial distribution of the BSSs has been studied with interest for many GGCs via observations (e.g., Fusi Pecci et al. 1992; Dalessandro et al. 2008b; Ferraro et al. 1995; Beccari et al. 2008; Dalessandro et al. 2008a; Moretti et al. 2008a,b; Ferraro et al. 2012) as well as via theoretical modeling (e.g., Mapelli et al. 2006) . Three qualitatively different types of radial distributions are observed among the GGCs, namely, single and bimodal, and flat distributions (for a compilation see Ferraro et al. 2012) . We check whether the radial distributions of our model BSSs are consistent with those observed in the GGCs.
To find the relative frequency of the BSSs in the cluster as a function of their radial positions we define a double-normalized ratio R BSS following Ferraro et al. (2012) given by
where δN BSS denotes the number of BSSs within some radial bin, N BSS denotes the total number of BSSs, δL denotes the stellar luminosity within that bin, and L cl denotes the total luminosity of the cluster. R BSS is a measure of whether the BSSs follow the luminosity density profile of the cluster or they are over/under abundant in some parts. Figure 2 shows R BSS as a function of the radial position in units of the core radius. In our models we find examples of bimodal distributions (bottom panel, observed, e.g., in M55) as well as centrally peaked distributions (top panel, observed, e.g., in M80, Ferraro et al. 2012 , and references therein). In our models we do not find flat radial distributions observed, for example, in NGC 2419 (Dalessandro et al. 2008b ). This is expected since all our models are relaxed and hence a non-segregated radial distribution for the BSSs is not expected in our models. Ferraro et al. (2012) suggest that the minimum distance r min from the center where the central peak of R BSS ends in units of r c is anti-correlated with the core relaxation timescale due to mass-segregation effects of the relatively high-mass BSSs. Results from our models are consistent with this finding. However, we find that the determination of r min can have large errors and depends strongly on the radial bins used to calculate R BSS .
Core Blue Straggler Number and Core Radius
Are the number of BSSs in the core (N BSS,c ) in our models consistent with those in the GGCs? Figure 3 shows N BSS,c as a function of r c,obs both for our models and for observed GGCs. Note that since we are directly comparing with observed BSSs, we use r c,obs for this comparison. The BSSs are, however, chosen using the same mass-based criteria. The observed BSS counts are obtained from the ACS survey data ) as selected by Leigh et al. (2011b) . Our models clearly have very similar core radii compared to the observed GGCs. We identify a slightly larger N BSS,c . More observationally motivated selection criteria presented in Sills et al. (2013) for the same models show that if these systems were observed, the number of BSSs actually detected would have been smaller by about a factor of 2. Thus we conclude that N BSS,c as produced in our models and the core radii both are consistent with the observed Milky Way populations.
In addition to these caveats about different identification criteria for BSSs, one should also note that, within BSE, and the current version of CMC, the rejuvenation prescription used for all mergers, whether from collisions or binary evolution, and MTB assumes "full mixing" (for details see Hurley et al. 2000 Hurley et al. , 2002 . This is an oversimplification. In reality, the amount of Hydrogen core mixing and thus the degree of rejuvenation of the MS star depends on the kinematic details of the encounter (e.g., Sills et al. 1997 Sills et al. , 2001 ). Because of this simplification the lifetimes of the BSSs after rejuvenation in our models are actually upper limits (at least for non-rotating stars). This may also lead to an over-production of BSSs in our models compared to real clusters.
RELATIVE IMPORTANCE OF BLUE STRAGGLER FORMATION CHANNELS
In this section we investigate the relative contributions from various BSS formation channels. Figure 4 shows an example of branching ratios for the BSSs in the whole cluster, and in the core, for model run32 (Table 1). This is a model with moderate central density ρ c = 7 × 10 3 M ⊙ pc −3 . Collisions produce most of the BSSs in this model. Among the collisional BSSs, the s-s channel contributes the least. The binary mediated collisional channels, namely b-s and b-b contribute about 36% and 50%, respectively. BSSs produced via the MTB channel contributes about 11% and SE contributes only 3.2%. As expected collisional channels dominate even more among the core BSSs. Interestingly, although the b-s and b-b contributions increase if only core BSSs are considered instead of all BSSs in the cluster, s-s contribution decreases. This trend is seen often in our models because of the low number density of single MS stars within the core at late times, due to mass segregation.
About 60% of all BSSs formed via MTB or SE in this example model have had at least one prior strong encounter. Thus for this particular model a significant fraction of even the MTB and SE BSSs are not created via pure binary stellar evolution, and have been dynamically modified before binary stellar evolution could rejuvenate them.
Branching ratios for various BSS production channels are expected to depend on ρ c and f b in a cluster. We divide our full set of models into subsets based on the initial f b and present the branching ratios for each subset separately as a function of ρ c . Figure 5 shows the branching ratios for s-s, b-s, b-b, MTB, and SE formation channels as a function of ρ c . The different panels show subsets of models with different initial f b . For models with ρ c > few ×10 3 M ⊙ pc −3 collisional channels clearly dominate. In lower density clusters contribution from MTB increases. Throughout the full range in f b in our models (f b = 0.05 -0.30), the same trend is observed. This indicates, that even if f b is increased (within the studied range in ρ c ) the relative contribution from MTB does not increase proportionally. While increasing f b increases the probability that a BSS can be created via MTB (simply because of the increased number of binaries), the increased number of binaries also increases the b-s and b-b BSS formation rates. Typical ρ c values in the GGCs are orders of magnitude higher Table 1 ). Bottom panel shows an example of a bimodal distribution (run110), one peak near the center r/rc < 5 and a second peak at large r/rc ≈ 22. A zone of avoidance is observed at r/rc between about 5 and 17.
than ∼ 10 3 M ⊙ pc −3 (e.g., Harris 1996; Chatterjee et al. 2010 Chatterjee et al. , 2013 . Hence, we conclude that the collisional channels dominate production for the BSS populations observed in the majority of the GGCs. If only the core BSSs are considered, the importance of the collisional channels increases as expected. We find that throughout the full range of ρ c in our models collisional channels dominate the formation of core BSSs (Figure 6 ).
Although binary stellar evolution is not the dominant channel for a large range of central densities typical of GGCs, binaries themselves are nevertheless crucial for significant BSS production. Figure 9 shows the fraction of BSSs produced via binary stellar evolution (MTB and SE collectively) that have been dynamically perturbed before the mass transfer process has occurred (with respect to all BSSs produced via MTB and SE). These interactions can potentially alter the orbital properties of these binaries initiating very different evolutionary pathways for them. BSSs formed from these disturbed binaries clearly would not have formed the BSSs with the exact same properties and at the same times without these encounters. As expected, for the models with higher ρ c values MTB and SE BSSs have a higher chance of being perturbed before production. For a given ρ c a range of these values are also seen. This is due to the different concentrations for these clusters. Models with initially lower concentrations produce a smaller fraction of perturbed MTB and SE BSSs. The majority of the models with ρ c 10 4 M ⊙ pc −3 produce more perturbed MTB and SE BSSs than unperturbed. Low density (ρ c 10 3 ) models on the other hand will have a relatively larger fraction of BSSs via the MTB and SE channels created from the primordial undisturbed binaries. Similar results were also found previously by Sollima et al. (2008) . Our results support their conclusion that for ρ c 10 3 M ⊙ pc −3 stellar evolution channels contribute 50% of the BSSs, and a high fraction of them are produced from dynamically unmodified binaries. ) as selected by Leigh et al. (2011b) . Our models populate very similar r c,obs values compared to the observed GGCs. However, our models show slightly higher N BSS,c numbers due to the mass-based selection criteria. If these models could be observed using the HST/ACS filters and the BSSs were identified using a more observationally motivated selection box N BSS,c would decrease by about a factor of 2 Table 1 ). This model has a moderate central density (ρc ≈ 7 × 10 3 M ⊙ pc −3 ; Table 1 ). This particular model was chosen as an example due to its high number (312) of BSSs. The dominant formation channel is stellar collisions in this model. Among the collisional BSS production channels collisions mediated by b-b interactions dominate followed by b-s mediated collisions. s-s collisions are rare. MTB is the dominant channel among the binary-stellar-evolution driven BSS production channels. SE contribute only to a small degree. One of the biggest uncertainties in any star-by-star N -body model using analytical formulae (Hurley et al. 2000) for hydrodynamic mergers and stellar evolution is the degree of rejuvenation. Unfortunately, the degree of rejuvenation depends on the detailed kinematics of the encounter (e.g., Sills et al. 1997 Sills et al. , 2001 ) as well as the stellar properties such as rotation, and the ages of the parent stars (Chen & Han 2009) . Incorporating these details is beyond the scope of this study and can only be done via live stellar and binary evolution codes that can rigorously incorporate these physical effects while the whole cluster is dynamically evolving. This is a hard task and has yet to be achieved fully self-consistently by any group. Hence, although the analytical formulae and prescriptions used in BSE (Hurley et al. 2000 (Hurley et al. , 2002 are known to over-estimate the degree of rejuvenation (e.g., Glebbeek & Pols 2008) , for example, for collision products of non-rotating stars, this remains currently the state of the art. For the purpose of this study, however, we expect that the relative contributions from MTB, SE, and various collisional channels should not change by much given that all channels are treated using maximal mixing within BSE, hence rejuvenation may be similarly over-estimated in all cases.
TIME SINCE FORMATION FOR THE BLUE STRAGGLER STARS
Despite these caveats, it is important to study the distributions of t age for our model BSSs since they provide us with useful upper limits. The typical distributions of t age are also interesting in light of the current understanding that most GGCs (those observationally categorized as non-core-collapsed) are still contracting (e.g., Chatterjee et al. 2013) . As a result, relevant global cluster properties such as ρ c , r c , and r h have not attained steady-state values typical of core-collapsed, "binaryburning" clusters . Hence, for these contracting clusters it is not sufficient to know the present-day observed cluster properties to fully understand the formation efficiency of BSSs. Instead, the past dynamical history over at least the last ∼ t age should be taken into account. Of course the results (based on the simple full mixing assumption) presented here can also be directly compared with future results from simulations incorporating more sophisticated rejuvenation treatments when they become available. Figure 10 shows examples of the distributions of t age for two of our models. These models are chosen such that at least 21 BSSs are created (to ensure enough statistics) and the relative contributions from collisional channels f coll have extreme values 0.5 (run60), and 1 (run17; Table 1). The central densities differ by a little over an order of magnitude.
The BSSs in the high-f coll (hence high-ρ c ) model are typically younger compared to those in the low-f coll model. The broadly peaked distributions seen here are qualitatively similar in all our models. However, the ex- act positions of these peaks depend on the cluster properties. For the low-density model the bulk of the BSSs have ages between t age ≈ 0 and 7 Gyr. In contrast, the BSSs in the high-density model typically have t age between 0 and 3 Gyr. This is consistent with previous results suggested for the observed BSS population in 47 Tuc (Sills et al. 2000) . Half of all BSSs in the low-density model is contained within an age of ≈ 3 Gyr, whereas, for the high-density model this value is ≈ 0.9 Gyr.
The difference in the peaks of the age distributions between the high and low-density models is expected. In a high-density model the dominant formation channel for BSSs is stellar collisions (s-s, b-s, and b-b; Figures 4, 5). Contribution from MTB increases as ρ c decreases (Figure 5) . Stellar collisions typically form higher mass BSSs than those formed via MTB. Since a lower mass BSS has a longer residual lifetime than a higher mass counterpart, the typical t age becomes shorter as ρ c increases due to higher contribution from collisional BSS-formation channels. Indeed we find that the median for the t age values for the BSSs in our models negatively correlate with ρ c (correlation coefficient r ρc,tage = −0.44; Figure 11 ). Due to the same reason the median value of t age for the core BSSs is typically slightly lower compared to the median value of t age for all BSSs in a cluster. This effect is more prominent for higher f b models. The number of BSSs outside r c is low for low f b models. Hence, the difference between the median t age values for BSSs in the whole cluster and in the core decreases with decreasing f b . We find that the oldest BSSs in some clusters can be almost as old as the respective clusters.
NUMBER OF CORE BLUE-STRAGGLER STARS VS BINARY FRACTION AND Γ
After the large-scale surveys using the Hubble Space Telescope (e.g., the ACS survey; Sarajedini et al. 2007; Dotter et al. 2007; Milone et al. 2008 ) provided high resolution, homogeneously observed and analyzed data for a large number of GGCs, a number of studies have investigated various correlations between the number of BSSs in these clusters and their global properties (e.g., Leigh et al. 2007; Sollima et al. 2008; Knigge et al. 2009; Leigh et al. 2013) . In particular, the correlations or lack thereof between N BSS,c and two cluster properties namely the binary fraction in the core (f b,c ) and the collisional Γ generated a lot of interest. Both of these quantities are of great dynamical importance. The presence of primordial binaries increases the BSS formation rates through all channels except s-s. Instead, only BSS formation via s-s is directly related to the collisional Γ given by Pooley & Hut 2006) . After it was found that the numbers of low-mass X-ray binaries and CVs in a cluster are strongly correlated with Γ, (e.g., Pooley & Hut 2006) a similar correlation was sought for N BSS,c since production of BSSs in the core was also expected to be affected significantly by dynamics. However, it was found that N BSS,c is rather insensitive to the global Γ using data from HST/WFPC2 survey (Piotto et al. 2002 ). In contrast, it is found that N BSS,c shows clear correlation with the number of core binaries in the GGCs (e.g., Leigh et al. 2013 ). These two pieces of information were inferred as low importance of collisional channels in creation of BSSs in these clusters (e.g., Knigge et al. 2009; Leigh et al. 2013 ). However, our results suggest that collisions dominate BSS production in the majority of GGCs. We now investigate further this apparent discrepancy. Figure 12 shows the specific number of BSSs (N BSS /N HB ) in our models as a function of the overall f b . It also shows N BSS,c /N HB,c as a function of the core binary fraction f b,c (N HB and N HB,c are the numbers of horizontal branch stars in the cluster and in the core, respectively). Clearly, N BSS /N HB is correlated with f b and N BSS,c /N HB,c is correlated with f b,c (spearman correlation coefficient r f b,c ,NBSS,c = 0.67). For a more detailed comparison with observations see ). This is not at all surprising. Results in Section 3 clearly shows that throughout the studied range in ρ c the dominant BSS production channel is binarymediated collisions (b-s and b-b). Hence, as f b increases so does the number of BSSs. Although, naturally the number of BSSs from the MTB and SE channels also increases with increasing f b , their relative importance is always low compared to b-s and b-b channels for all ρ c > 10 3 M ⊙ pc −3 . Thus the observed correlation between N BSS,c /N HB,c with f b,c does not actually indicate BSS formation predominantly via MTB, rather that most collisions are binary-mediated. Figure 13 shows N BSS,c as a function of Γ calculated using theoretical cluster properties in the code. We find a weak positive correlation between N BSS,c and Γ (spearman correlation coefficient r Γ,NBSS,c = 0.12).
The positive correlations of N BSS,c with f b,c and Γ are qualitatively consistent with the new ACS data (Leigh et al. 2011b , correlation coefficients are 0.4, and 0.5, respectively).
3
Other exotic stellar populations, such as low-mass X ray binaries and cataclysmic variables are thought to be created when compact objects such as neutron stars and white dwarfs collide with giant stars, or acquire 3 Note that the absolute values of the correlation coefficients from models and observed GGCs should not be compared and the comparison here is only qualitative. The unknown priors for the initial conditions used in these models may change these values. In addition, a more stringent comparison requires more observationally motivated determination of BSSs and cluster properties to find N BSS , N BSS,c , f b , f b,c , and Γ. branching dynamically perturbed: stellar evolution BSS Fig. 9 .-Fraction of BSSs created via MTB and SE mergers that had been dynamically perturbed before the change in mass, with respect to all BSSs formed via MTB and SE channels, as a function of ρc. Only perturbations before the production of the BSSs are taken into account. These BSSs would have not been produced with the same properties had there not been a previous encounter. Once produced, these BSSs may interact further; these fractions therefore indicate a lower limit to the fraction of BSSs created via binary stellar evolution and are dynamically altered. Black circles and red squares denote all BSSs in the models and only those within the core, respectively. Each panel from top to bottom show models with initial fb= 0.05, 0.1, 0.2, and 0.3, respectively.
close binary companions via binary-mediated exchange interactions or tidal captures. Both populations show much tighter correlations with Γ compared to N BSS,c (Pooley et al. 2003; Pooley & Hut 2006) . We expect this is because binaries with only a narrow range of properties (for example, one star must be a MS star, and the collision product must have mass higher than the M TO ) create BSSs via collisions. In addition, the collision needs to occur at sufficiently late times such that the generated BSS is still in its residual H-burning stage when the cluster is observed. BSSs produced via MTB, in particular for low-density clusters (ρ c < 10 3 M ⊙ pc −3 ), also contributes to dilution of the correlation between N BSS,c and Γ. Mass segregation also reduces the number of MS stars in the core compared to relatively massive compact objects at late stages. Hence, production of those populations is more directly related to Γ compared to production of BSSs.
CONCLUSIONS
We have identified the BSSs from a large set of (128) realistic cluster models using a simple and well-defined mass-based criterion. These models use observationally motivated initial conditions, include all relevant physics, and attain properties at ∼ 12 Gyr including N , f b , ρ c , and r c typical of observed GGCs. In addition to cluster dynamical properties, all stellar properties are followed in tandem. For the first time these models allow us to investigate directly the full dynamical and stellar evolution history of each BSS in clusters spanning a large range of parameters. The BSSs identified in these models populate the expected region in a synthetic HRD ( Figure  1 ). In addition, the total numbers, radial distributions (Section 2.3), and trends with various cluster parameters (Section 5; for more detailed comparisons see Sills et al. 2013 ) are all consistent with the latest observations of BSSs (Leigh et al. 2011b) .
We have identified the relative importance of the various relevant formation channels based on the detailed histories of all BSSs formed in our models. We find that collisions play a major role in BSS formation for a large range of central densities typical of GGCs ; Table 1 ) with central densities varying by over an order of magnitude. The models were chosen such that each has N BSS > 21 and have extreme contributions from collisional channels (0.5 for run60 and 1 for run17). The solid (black) and dashed (blue) lines represent the low and high density clusters, respectively. The top and bottom panels are for all BSSs and those within rc, respectively. For MTB BSSs the formation time t form is set at the beginning of Roche-lobe overflow. The BSSs in the low-density model shows a larger age-spread compared to those in the high-density model. Low-density models have a larger relative contribution from MTB channel. Since MTB BSSs are typically less massive compared to those created via collisions, the residual lifetime for the MTB BSSs is longer than those produced via collisions.
interactions (Figures 7, 8) . Even among BSSs created via binary stellar evolution channels (MTB and SE), for ρ c 10 4 M ⊙ pc −3 more than 50% may come from binaries that have been perturbed via dynamical interactions, thereby changing their evolutionary pathways before BSS production. This basic picture could only be changed if, in reality, the degree of mixing from the MTB or SE channels were very different than what is expected from collisions. As an extreme example, if collisions led to no significant mixing, with no fresh Hydrogen supplied to the stellar core, collisions would produce BSSs with much shorter lifetimes. This might increase the relative contribution of MTB in producing the observed BSSs if MTB leads to more mixing and a higher level of rejuvenation. However, as long as collisional channels and MTB produce similar levels of rejuvenation, our results remain at least qualitatively valid.
The importance of binary-mediated collisions in the production of BSSs is of great significance. On the one hand this explains the observed correlation between N BSS,c and f b,c , in particular, in the higher-density (ρ c > 10 3 M ⊙ pc −3 ) GGCs. On the other hand, the importance of collisions suggests that there should be some correlation between N BSS,c and the global Γ. Indeed, we find that N BSS,c and Γ do show some correlation (although weak) for both our models and the GGCs based on the new HST/ACS data with the best available photometry. Early studies (e.g., Davies et al. 2004; Leigh et al. 2007 ) that claimed no correlation (or anti-correlation) between N BSS,c and Γ used HST/WFPC2 data with lower photometric precision.
Throughout this study we have adopted a simple fullmixing prescription for rejuvenation. Based on this assumption we estimate upper limits for typical t age for these models. In our models, the oldest BSSs can be almost as old as the host clusters. The typical median ages of the BSSs are, however, between ≈ 1 and 3 Gyr (depending on ρ c ; Figure 11 and Table 1 ). This is consistent with previous estimates for observed BSSs in 47-Tuc (Sills et al. 2000) . Thus, present-day BSSs are possibly affected by the dynamical history of their host clusters during the past few billion years. Hence, rate-based studies should take into account the changing global cluster properties during the last ∼ t age . Future studies should improve this estimate using more realistic rejuvenation prescriptions via, for example, live single and binary stel- The denser the core, the higher is the contribution from the collisional channels towards BSS production and the lower is the median tage of the BSSs. lar evolution codes that can work in parallel with N -body codes. However, although, t age is likely to decrease (e.g., Glebbeek & Pols 2008) , we expect the branching ratios for the various formation channels to remain similar. 
